Abstract. We consider a model convection-di usion problem in the convection-dominated regime. A functional setting is given for stabilized Galerkin approximations, in which the stabilizing terms are based on inner products of the type H ?1=2 . These are explicitly computable via multiscale decompositions such as hierarchical nite elements or wavelets (while classical SUPG or Galerkin/least-squares methods mimic their e ect through discrete element-by-element weighted L 2 -inner products).
into account this aspect may lead to the onset of spurious numerical oscillations (numerical instabilities), often resulting in a dramatic loss of both qualitative and quantitative accuracy.
Many di erent approaches have been proposed to obtain stable and accurate approximation schemes for convection-di usion problems (see, e.g., 11]). Among them, the use of stabilization techniques { such as the Streamline-Upwind Petrov Galerkin (SUPG) method by Brooks and Hughes 6] { has proven to be e ective in a wide range of applications. The basic idea consists of modifying the classical variational formulation in a consistent way, by adding elementwise stabilization terms which measure the local (strong) residual of the equation in an L 2 -type norm. Galerkin/least-squares methods 9] are a variant of this concept. These and other stabilization techniques can often be interpreted as the e ect of augmenting the trial/test space by a suitable supplementary space 5] .
From a mathematical point of view, the di culties arising from convection-di usion problems can be traced back to the fact that the bilinear form in the corresponding variational formulation has a coerciveness constant which is extremely small when compared to the continuity constant. On the discrete level, the problem essentially behaves as a non-coercive one. Adding stabilization terms may be viewed as a way of improving the coerciveness constant. Other classes of problems { such as the Stokes problem or domain decomposition methods { also lead to non-coercive bilinear forms, which are responsible for several numerical instabilities.
The idea of the stabilization of a non-coercive or weakly coercive problem has been formulated in an abstract setting ( 1, 2] ). Let us consider a problem of the form ( V 0h ; i V being the duality pairing between V 0 and V , whereas V 0 ; ] V 0 is a suitable inner product in V 0 ). It is possible to prove (see 1]) that if A is an non negative isomorphism between V and V 0 , then the bilinear form on the left-hand side of (1.1) is continuous and coercive with respect to the norm of V , even in the case of a non-coercive A. Therefore, the standard Galerkin discretization of (1.1) inherits the good stability properties of the continuous problem. Obviously, the implementation of the method demands an easily computable expression for the inner product in V 0 .
In this paper, we apply similar ideas to the convection-di usion problem. We believe that the main interest of our results is the de nition of a natural functional framework for stabilized convection-di usion problems. The methods for e ciently computing norms and inner products of fractional and/or negative order, which have been devised in recent years (by wavelets and multiscale analyses, hierarchical nite elements, incremental unknows, and so on), make our theoretical setting also practically appealing. In a forthcoming paper 3], we will discuss the details of the implementation and we will provide numerical results. The standard energy estimate
provides a weaker and weaker control on the H 1 0 {seminorm of u, as become smaller and smaller. This is responsible for the onset of spurious numerical oscillations, in the pure Galerkin approximation of problem (2.1) at large P eclet numbers. The di culty can be equivalently related to the higher and higher ratio between the continuity and coerciveness constants of the bilinear form a, which scales as ?1 .
The motivation of our method precisely rises from a careful analysis of the bounds on a. For 
Recalling the interpolation theory of function spaces, the comparison of (2. The following results will be crucial in the sequel. From now on, we make the assumption h < 1:
This means that we place ourselves in the so-called`convection-dominated' regime. Indeed, by choosing of the order of kak ?1 L 1 ( ) , the left-hand side of (3.5) can be viewed as the inverse of a mesh P eclet number. We now establish a continuity estimate for the bilinear form A on X 1=2 ( ) V h . (2.9) , the in nite sum (4.1) can be replaced by a nite (computable) sum { the retained addends being dependent on h { and still obtain the same stability and accuracy estimates given in the previous section.
